ABSTRACT. It is shown that the key mechanism in the origin of superthermal ion cyclotron emission (ICE) appearing in tokamak fusion experiments is the instability of fast magnetoacoustic waves having very small longitudinal wavenumbers and being excited through toroidicity affected cyclotron resonance with an energetic ion population. This new type of cyclotron resonance leads t o an instability growth rate well exceeding the inverse bounce/transit period of fast ions even for a small number of high energy ions. The proposed theory explains the main features of the ICE spectrum observed in J E T and the main conclusions are obtained without any assumptions about the explicit form of the fast ion distribution function.
INTRODUCTION
In the 1960s and 1970s, it was theoretically predicted that collective phenomena in fusion plasmas could be significantly influenced by the presence of high energy alpha particles generated in deuteriumtritium fusion reactions (see the overview in Ref. [l] ). Among the major issues that have received increasing attention during the last 20 years is the prediction of the 'thermonuclear instabilities' induced by energetic ions (fusion reaction products or injected beam ions), which can cause anomalous losses of these particles. Recent experiments in tokamak fusion plasmas have confirmed the prediction, for example, fast ion driven instabilities associated with AlfvQn waves (toroidicity induced AlfvQn eigenmodes (TAEs) , kinetic toroidicity induced Alfvkn eigenmodes (KTAEs), etc.) have been observed, in some cases accompanied by a considerable loss of fast ions. These losses can destroy the self-sustainment of the burning plasma and the fast particles can damage the first wall of the reactor. Thus, an understanding of the influence of the energetic ion population on collective processes is crucial for successful operation of fusion reactors.
One of the earliest instances of experimental evidence of the influence of energetic particles on processes in fusion plasmas was the observation of the superthermal ion cyclotron emission (ICE) [2] . Similar cyclotronic emission has been observed in both magnetic fusion experiments and space * Permanent afiliation: Scientific Centre, Institute for Nuclear Research, Kiev, Ukraine. plasmas with an energetic particle population. The emission has been observed at narrow harmonics of the cyclotron frequency of the fast ion species, and in all the major tokamaks this frequency corresponds to a locus of emission source near the outer midplane plasma edge [3-61. The ICE is associated with a fast ion driven plasma instability involving fast magnetoacoustic waves (FMWs) with frequencies close to the cyclotron harmonics of superthermal ions. This socalled magnetoacoustic cyclotron instability [l] has been given considerable attention in earlier works [7, 81 and the experimental discovery of ICE stimulated further theoretical studies. The aim of these studies was to explain the ICE spectrum and the local nature of the ICE source, in order to determine if ICE can be used to obtain information about the fusion products.
All theoretical work on the magnetoacoustic cyclotron instability rely, more or less explicitly, on the results of Coppi et al. 19 , 101 concerning the localization of fast magnetoacoustic eigenmodes in plasma cylinders, which were extended to the toroidal case in Ref. [ll] . An approximate solution of the eigenvalue equation for the wave amplitude [9-111 showed that FMWs with small radial wavenumbers compared with the poloidal wavenumbers can be localized both radially and poloidally near the outer midplane of the torus where the source of the ICE is located. Most of the theoretical work on the FMW energetic ion driven instability as a possible mechanism of ICE was carried out in the straight magnetic field approximation [7, [12] [13] [14] [15] . In the analysis of Refs [12-151, the toroidal effects were taken into account only by using NUCLEAR FUSION, Vol. 37, No. 9 (1997) a special choice of the velocity distribution function of the fast ions, fa(v), and not in the dielectric tensor elements or in the resonance condition. However, as we will show in the present work, the inclusion of the curvature drift frequency in the resonance condition of the FMW instability will affect the resonant wave-particle interaction considerably, leading to a strong enhancement of the instability. This mechanism provides a natural explanation of several essential features of the ICE spectrum, in particular, the fine structure of the ICE spectral lines, without any assumption about the explicit form of the fast ion distribution function.
Within the straight magnetic field and local approximations, the most detailed analysis and modelling of the experimental conditions were carried out in the works by Dendy et al. [12, 131. It was shown that the features of the instability growth rate, y, are consistent with the ICE spectrum and with the temporal evolution of the ICE intensity. However, the explanations in Refs [7, [12] [13] [14] [15] of some of the experimental features, for example, the doublet width of the emission lines, depends strongly on the form of f a ( v ) . Furthermore, the parameters that have been chosen to characterize f a ( v ) , as we will show, in some cases are beyond the applicability of the used resonance condition of wave-particle interaction.
Note that the approximation of the straight magnetic field is only valid when y > 7 ; ' (the condition of a rapid instability), where y is the instability growth rate and Tb is the bounceltransit time of fast ions. When time intervals well exceeding Tb are considered (a slow instability), the instability is driven through a resonance condition containing bounce resonances. In the case of slow instability, the toroidal effects and the eigenmode structure have been taken into account in the FMW instability analysis in Refs [ll, 161. The purpose of the present work is to elucidate the general physical picture of the origin of ICE as well as to explain the main features of the ICE spectrum observed in experiments on J E T with deuterium and deuterium-tritium plasmas in particular, such as A generally accepted fact is that there is a strongly non-equilibrium unperturbed distribution function of the fast ions, f a ( v ) , in the region of the ICE source. Various forms for fa(v) have been used in the analysis of the ICE problem. In particular, taking into account the finite orbit width of the fast ions and the collisional slowing down, an analytical expression for fa(v) was derived in Ref. [14] . Simpler expressions based on qualitative considerations were used in Refs [12, 13, 151. In any case, the choice of the velocity distribution function of the energetic particles should be consistent with both the experimental conditions and the approximations used.
In the present work we consider local theory and the rapid instability (y > T;'), following the approach of Refs [7, [12] [13] [14] [15] . The toroidal effects will be included in the resonance condition and the instability growth rates are calculated for two different models of the fast ion velocity distribution function: a shifted Maxwellian distribution [12] , and an approximation of a realistic distribution, calculated for the JET edge plasma [17] .
The structure of this work is as follows: in Section 2 the magnetoacoustic cyclotron instability is investigated by solving the dispersion relation for FMW perturbatively, taking into account only the imaginary part of the fast ion dielectric tensor elements. In Section 3, we present the results of a numerical study of the dispersion relation and the comparison of these with the analytical predictions. Finally, Section 4 is devoted to conclusions. where ~i j are the components of the dielectric tensor elements, w is the wave frequency, k is the wavenumber, kll is the component of the wave vector parallel to the magnetic field and c is the speed of light.
The dielectric tensor components c i j contain contributions from electrons, bulk ions and energetic ions (denoted by the superscripts e, i and a , respectively) according to where Z is the plasma dispersion function with the Bo is the equilibrium magnetic field strength, p and E are the fast ion magnetic moment and the energy per unit mass, respectively, Js(t) is a Bessel function of the first kind and of order s, = klvl/w,,, WD is the toroidal drift frequency of the fast ions and fa is the unperturbed velocity distribution function of the fast ions. We note that the toroidal drift frequency, WD, included in the fast ion response (8) is not negligible for nearly perpendicular propagation and , in fact, as will be shown, it plays a crucial role for the instability considered by affecting both the excited wave branches and the instability growth rate. , it is assumed that k N I m l /~, where m is the poloidal wavenumber. In order to study wave destabilization due to wave-particle resonant interaction, we take into account only the imaginary part of In this case, the real part of the wave frequency is completely determined by the bulk plasma properties. In the location region of the ICE source, the value of p 87rp/B; ( p is the bulk plasma pressure) is very small,
< p <<
This implies that the expression Il(ai) exp(-a;) in Eq. (11) is also small, since ai E2Pi/2 << 1 for kVA N Iwca. Owing to this circumstance eT1 can be neglected when w is not too close to the cyclotron harmonics, and in the absence of the fast ion contribution Eq. (10) that in the limit law1 << 2wofi, the minimum distance between the two wave branches is of the order of 2 w O f i , which is much less than the experimentally observed distance between the two peaks of the ICE spectral doublet lines (in fact this is true even if the contribution of the real part of is taken into account).
Proceeding now to the stability analysis, we assume that the waves are localized in a small region near the outer midplane of the torus. This assumption is supported by the eigenmode studies of Refs [9-111. Let us take lAwl >> 2~0 6 , which according to Eqs (12a, b) implies that we are considering wavenumbers for which one of the wave branches is very close to kuA whereas the other one is close to ZW,~. Assuming also that Iy/wo/ << 1, where y = Im(w), it follows immediately from Eq. (10) that the perturbative solution for y is For the fast instabilities considered here, y > rc', where q, is the particle bounce/transit period, only a time interval At << Tb contributes significantly to the expression for Im cyl (see the Appendix), and consequently no bounce resonances appear in the resonance condition. This is contrary to the case of slow instabilities with y < 7 ; ' considered in Refs 111, 161, where the bounce averaged theory predicted a resonance condition affected by bounce resonances. Nevertheless, the resonance condition for fast instabilities differs from that in a straight magnetic field owing to the presence of the toroidal drift of the fast ions which, as will be shown, plays a crucial role for instabilities that are localized near the midplane of the torus (but which is negligible in the vicinity of the vertical plane crossing the plasma centre for the waves considered with k , << k ) . Using Eq. (8) and the Landau rule to retain the resonant part of the dielectric tensor we can write the expression for Im cy1 as 
Here, WD = -muD/r, VD = u 2 ( 1 + x 2 ) / ( 2 w C a R ) is the toroidal drift velocity and R is the major radius of the torus. We note that the importance of taking into account the effect of W D in the cyclotron resonance condition has been mentioned in Ref. Note that v >> 1 is the condition for the applicability of the resonance Aw = kllull. When v << 1, the resonance condition reduces to -kllwll = WD, the case considered in Ref. [9] , and the corresponding growth rate is proportional to and has an intermediate magnitude, which is less than the maximum growth rate by a factor of xp. We also note that v cannot be arbitrarily small since the resonance condition -k11u11 = WD must be consistent with the condition of weak wave damping 1611 >> 1.
A qualitative picture of the instability growth rate is shown in Fig. 3 , under the assumption that the fast ion density is such that y1 > 7-c' 2 7 2 . The growth rate y as a function of A w has two maxima which are symmetric with respect to A w = 0 and the distance between the maxima is 2 w~. This means that destabilization of waves with w = lw,, i [ W D~ is the most probable outcome of the wave-particle interaction and should result in a splitting of the ICE spectral lines into doublets with a width that can be estimated as 6~ = 2wD. The ratio 6 D / W can be written as NUCLEAR FUSION, Vol. 37, No. 9 (1997) at which y = Y~~~, if the minimum frequency 'step'
is not sufficiently small in comparison with the doublet width 6~. It follows from Eqs (19) and (20) that 6 , / 6~ -1/1 is very small only in the high frequency region. Thus, we expect the intensity peaks to be asymmetric, as is indeed observed in experiments. Furthermore, the discrete character of the wavenumbers makes excitation of doublet lines impossible in the low frequency region, thus suggesting an explanation for the observational fact that the spectral lines corresponding to 1 = 1 and 1 = 2 in the ICE spectrum are single.
In order to discuss this point in some more detail we analyse the resonance condition (15) Despite the fact that the growth rate shown in Fig. 3 is symmetric, it does not necessarily follow that the intensity of the ICE at the two peaks of a doublet line will be equal. In fact, the discrete character of the allowable wavenumbers may exclude the frequencies Assuming that the destabilized wave frequency is w 21 kvA N Iml/r we obtain from Eq. (21):
The excitation condition of the doublets is that the resonance condition can be fulfilled for both ml and m2 simultaneously, where m1,2 must be integers. Consequently, the doublets exist only if is sufficiently close to an integer. Taking into account the width of the intensity peaks, 6, the existence condition of the doublets can be written as
where j is an arbitrary integer.
The width of the peaks can be estimated by assuming that the broadening is mainly caused by the spread in the pitch angle. For example, the width of the peak localized near is For the parameters relevant for the J E T DT experiment, i.e. VA N 0.8 x 10' m/s, V/vA = 1.67, w, , N lo8 s-l, R = 3 m, xr 5 0.6, we obtain SIw,, 2~ 0.011, which is in agreement with the numerical results presented in the next section. Thus, the probability that the region &6/26, contains an integer increases with increasing values of 1, cf. Eq. (24).
In the J E T DT experiment, the above condition, Eq. (24), is not fulfilled for the harmonics 1 = 1 and 1 = 2, which are indeed observed as single lines in the ICE spectrum. The difference between the destabilization frequency w, and the frequency where y = ymax explains why the intensities of the two spectral peaks in a doublet line are different.
Let us now turn to another feature of the observed ICE spectrum, namely, its continuous character in the high frequency range. In order to explain this feature, we note first of all that the effective width of the maximum of the function y(w) can be estimated as Aw/wD 5 2. This follows from the condition kllv11 5 WD and Eq. (15) and agrees with Fig. 3 .
From the above condition it follows that the values of y l (w) and yl+l(w) corresponding to two neighbouring cyclotron harmonics 1 and 1 + 1 overlap at y 5 ymax when 2 w~ > 0.5wc,, which yields 1 > 7 for the JET parameters. Therefore, it can be concluded that the spectrum at 1 > 7 should be continuous provided that the frequency step is negligible compared with the distance between neighbouring cyclotron harmonics and/or the effective width of the eigenfrequencies exceeds the frequency step. Both these conditions can be satisfied in the high frequency range. Indeed, taking into account the finite kll, the expression for the wave frequency can be written as Here 6w is very small but when kll N w D / q then Sw is proportional to l3 and exceeds 6 , for 12 4. On the other hand, as kll = (m-nq)/(qR), the finite kll leads to a very small frequency step 6 ; associated with the discretization of the toroidal wavenumber n,
Thus, when 0 < kll S wDIvI1, the frequency region w/w,, 2 4 is characterized by the frequency step S;, which is much less than 6 , associated with the discretization of the poloidal wavenumber. Owing to this, the spectrum of destabilized waves in the region where .yl(w) and ~l + l ( w ) overlap (1 > 7) will be seen as continuous (6E/(wl+1 -wl) -4 x An additional factor, the broadening of spectral lines due to non-linear effects, makes the spectrum really continuous for ynonlinear > SE, i.e. for ynonlinear / W c a 2 4 x 10-3.
The longitudinal wavenumbers of the excited waves can be estimated from the condition kllv~~ < WD, which yields Taking as appropriate J E T experimental parameters the values mentioned above together with l , , , = 10, x: = 0.3 we obtain IC11 < 1 2 m-l, which agrees with an analysis of the power spectrum [5], yielding 0 5 IC11 5 7 m-l.
We emphasize that the above conclusions about the mode excitation and the basic properties are based on general assumptions about the distribution function, the only restriction on f a being that Im cyl < 0, i.e. that the resonant interaction between the fast ions and the waves leads to wave destabilization. From Eq. (14) we infer that both the terms proportional to df,/dv and df,/dx in the expression for Im cyl may be destabilizing, but their roles are different. The term proportional to df,/dv may lead to an instability when f a is non-monotonic with a half width AV < VA/1 around v, where the distribution function has a maximum (then the function J,"(<) can be considered as a slowly varying function in the integral) and when w , is larger than VA provided dJ:(<)/d< < 0. In fact, this term may lead to the simultaneous destabilization of only a few cyclotron harmonics (for values of s such that dJ:(<)/d< < 0). The term proportional to df,/dx is responsible for wave destabilization owing to a velocity anisotropy of f a ( v ) and may lead to instability even when v, < VA. However, when is small, the damping due to the first term dominates. This type of wave destabilization may result in simultaneous excitation of all the cyclotron harmonics observed in the ICE spectrum. When sharp velocity pitch angle with all the harmonics being excited simultaneously.
NUMERICAL ANALYSIS OF THE MAGNETOACOUSTIC CYCLOTRON INSTABILITY
In order to confirm the analytical predictions of the previous section, the full dispersion relation, Eq. (l), has been solved numerically for the plasma parameters of the preliminary tritium experiment on J E T
[5]. We assume a magnetic field Bo = 2.07 T, major radius of the torus R = 3 m, minor radius a = 1.25 m, bulk ion density ni(T*) = 1.7 x 1019 m-3, bulk ion temperature Z ( T , ) = 1 keV and ratio of the alpha particle density to the bulk ion density n,(r*) = ni(~*), where T, is the mode localization radius.
For these parameters it follows that U , = 1.6711~ and the bulk ion beta is pi = 1.6 x The calculations are carried out for two different models of the velocity distribution function of the fusion produced alpha particles: where U , is the alpha particle velocity corresponding to the birth energy of 3.5 MeV, and following Ref. [la] we assume that Vd = 0.2511, and U , = 0 . 0 5~~. We begin by considering the full dispersion relation, Eq. (l), in the case of a shifted Maxwellian distribution of energetic alphas. In the absence of alphas, Eq. (1) describes two kinds of wave, the fast magnetoacoustic wave w = k v A and the extraordinary ion cyclotron waves with the following wavenumber dependence, cf. Ref. [20] : in the frequency ranges 1 < w/wci < 1 + 1 there are two solutions, one of which is close to (1 + l)w,i and tends to the value (1 + l)w,i both when k + 0 and k + 00. The second solution tends to the value w = lw,i when k --f 0 and also k 4 00. Thus, as has been pointed out in the preceding section, there are two wave branches near each harmonic line 1. Figure 2 The presence of the energetic alpha particle contribution in E,q. (1) introduces new additional wave branches that can be unstable. In the case of the alpha particle distribution given by Eq. (31), the location of these new wave branches is shown in Figs 2(b) and (c), where the real part of the wave frequency is plotted near the harmonic line 1 = 2 as a function of the wavenumber for positive and negative poloidal numbers m, respectively.
The alpha induced wave branches cross the w = kwA line, at a distance approximately equal to 0.08 from the harmonic line Re(w)/w,, = 2. According to the analytical predictions of Section 2, this is the expected location of the maximum instability growth rate, which corresponds to the strongest resonant wave-alpha interaction at frequencies w = kvA = We now proceed to compute the instability growth rates for both models of the alpha particle velocity distribution. In order to make a comparison with the results of Ref. the effect of WD in the alpha particle response, our numerical solutions reproduce the results of Ref. [12] . However, the inclusion of the toroidal frequency in the resonance condition leads to instability growth rates that are generally larger than those based on the straight magnetic field approximation. Figure 5 shows the maximum values of the instability growth rate calculated for different angles of propagation, harmonic number 1 = 4 and positive values of the poloidal wavenumber m. The points on the curve are calculated for the angles of propagation: B = 95, 92, 90 and 88" (from left to right). The curve has a maximum for w -lw,, = -0.O381wc,, corresponding to the case of perpendicular propagation. Clearly, the qualitative picture in Fig. 3 is reproduced. The maximum growth rates are, as expected, located at the frequencies w N kvA 2 lw,, f IwD(. In Fig. 6 the instability growth rates for the two alpha distribution functions given by Eqs (31) and (32) create a doublet structure with a width 2wD. There is a crossing on the 'foot' of the peak due to the fact that the unstable wave branch (shown in Fig. 2(b) ) is not a monotonous function of k but is bent at w = lw,, -WD so that two values of k give the same Re(w). The growth rate is a function of w and IC, and is not a single valued function of Re(w). In the region where one value of Re(w) corresponds to two values of k there will be two values of y for the same Re(w). For the shifted Maxwellian alpha distribution the two growth rate peaks shown in Fig. 6(a) , corresponding to different signs of m, are located at a distance of 0.22 w,,. This is approximately equal to the predicted doublet width 2WD, as follows from the following estimation. Considering that for a shifted Maxwellian distribution function mostly trapped particles contribute to the drift frequency, assuming the param- ically, we obtain a doublet width 6DlW N 0.2211 N 0.07 for 1 = 3, which is close to the experimentally observed value as well as the analytically predicted one. In contrast to the shifted Maxwellian distribution, when most of the particles interacting with the wave were assumed to be trapped ones with the pitch angle close to 0.25, in the realistic case the barely trapped particles will be the main contributors to the instability. Consequently, the drift frequency will be somewhat larger owing to a larger pitch angle variable x, which is the reason why the distance between the peaks is larger for the realistic distribution function.
It should be noted that for small alpha densities the growth rate varies linearly with n, and it reaches its maximum for perpendicular propagation. However, as we increase the alpha to background ion density ratio, 72,1731, the real part of the dielectric tensor cyl becomes important and will affect the solutions of the dispersion relation. In that case, the perturbative solution, as given by Eqs (13) and (14), is no longer valid and the growth rate variation with n, is sublinear (asymptotically tending to d a ) . In fact, the numerical results show that the real part of the dielectric tensor fyl is not negligible for the assumed alpha density n,/ni = loF4. Since the correlation between the fusion reactivity and the ICE intensity observed in the J E T experiment is linear, the alpha density at the edge n,/ni = is probably overestimated. Figure 7 shows the maximum linear instability growth rate ymax as a function of the alpha particle concentration n,/ni for the J E T DT parameters, perpendicular propagation and harmonic number 1 = 5, compared with Y~~~ N n,/ni (long dashed line) and ymax N dn-(short dashed line).
In the case of a shifted Maxwellian we were able to derive the dielectric tensor components of the alphas analytically, which made it possible to solve the full dispersion relation. However, for a realistic alpha distribution, we would have to perform the integrations numerically which would make the solution of the full dispersion relation very time consuming. Thus, in this case, the instability growth rate has been calculated perturbatively from Eqs (13) and (14). We note that, even if the value of the instability growth rate calculated perturbatively is somewhat different from the one obtained by solving the full dispersion relation, the qualitative behaviour is the same in the experiment considered. We find that the realistic distribution function, Eq. (32), gives rise to an instability for frequencies w = lw,, f IwDI, as shown in Figure 8 does not take into account factors leading to the broadening of the spectral lines as described in Section 11, therefore it does not reproduce the continuous spectrum at 1 > 7.
Finally, we note that the growth rates calculated for both distribution functions are higher than the inverse bounce time, thus justifying the local approximation. Estimating the bounce frequency as wb = wll/2qR, the condition y > r;' yields (37) which for the parameters relevant to J E T gives y/wc, > 3 x lod4. According to our calculations presented above the resulting growth rates are almost two orders of magnitude larger than rcl.
CONCLUSIONS
In this paper, the toroidal drift of fast ions is shown to be a factor that strongly enhances the growth rate of the resonance cyclotron magnetoacoustic instability localized near the outer circumference of the torus (r N U , 101 << 1). The growth rate has a maximum when the resonance condition w -1wCa = WD dominates, i.e. when IC11 I 7 m-', in agreement with the conclusions on IC11 given in Ref.
[5].
In the case of negligible wave damping due to bulk plasma we have obtained a perturbative solution of the dispersion relation that for low fast ion densities reproduces the exact numerical solution. Most of the ICE features observed in the J E T DT experiment can be, at least qualitatively, explained by the perturbative theory.
The present theory concludes that linear instability can occur for all harmonics of the ICE spectrum and provides an explanation for the doublet splitting, singlet lines and the asymmetric doublet intensities without specific assumptions about the fast ion distribution-function.
In most observations, the intensity of the e m i s sion lines is proportional to the neutron flux, indicating that the instability is driven by the free energy of the fusion products. However, while the linear theory can predict the instability growth rate, it cannot determine the intensity of the emission lines, and a clear understanding of the non-linear saturation mechanism is necessary to determine whether ICE is a useful candidate for fusion product diagnostics in the forthcoming ignition experiments.
Appendix

ENERGETIC PARTICLE RESPONSE
The energetic particle kinetic response enters the wave dispersion relation through the current density perturbation where B is the perturbation in the magnetic field and f a is the stationary unperturbed distribution function. The integral in Eq. (39) is evaluated along the particle trajectory of unperturbed motion. We assume the case of an axisymmetric tokamak with a circular concentric cross-section of the magnetic surfaces. The magnetic field structure is then given by where E = r / R << 1, r being the distance from the minor axis and R the major radius of the torus, while Bo is the field of the magnetic axis and q(r) is the (local) safety factor. In the curvilinear coordinate system (r10,p) (Q and p being the poloidal and toroidal angular co-ordinates on the surface r = const) , the perturbed quantity f, and similarly E can be represented in the form In order to calculate the integral in (43), we assume that the particle Larmor radius T L is much less than the characteristic length of the magnetic field inhomogeneity, L B , and use the guiding centre approximation by expressing the particle velocity as We express now the unperturbed distribution function fa in terms of the constants of motion: the particle energy E = v2/2, the particle magnetic momentum p = Vf/2Bo, both per unit mass, and the toroidal canonical momentum Jv = 8 -hwll/uca, where 8 is the poloidal magnetic flux (suitably normalized) and h = 1 + E C O S~. For high frequency modes. w >> WD , the drift velocity can be neglected everywhere except in the resonance condition. We also assume that 811 N 0 and find from where d3w = (27rBo/vll)dEdp. For the high frequency modes considered with w N l w c i (1 # 0 ) , which are strongly localized in the vicinity of r = r* and 0 = 0 [ll], the above result can be greatly simplified. Since the waveparticle interaction takes place only along a small part of the particle orbit in the mode localization region, i.e. the interaction time is much less than the particle bounce time, we can approximate the time integral in (53) as where k11 = (m -nq)/qR, and WD = (mwD/'r)e,o.
Furthermore, assuming that
